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The linearized Boltzmann equation has been studied mostly as an operator 
equation ix-0 spaces, for p = 2 and also, more generally, for p 3 1, especially 
in Ref. [6]. The space L1 seems to be physically more appropriate than LQ 
spaces with p > 1. We shall study particular cases of the Boltzmann equation 
in some L1 spaces. 
This paper is an application of results and methods developed in Ref. [6] 
and also an extension of the results obtained in Ref. [6]. 
1. ~~ONOKINETIC PROBLEM FOR THE SLAB 
The Boltzmann equation for the slab can be put into the form 
with boundary conditions 
&4 p, t> = 0, 
v(- a, CL> t) = 0, 
and with an initial condition 
/A < 0, t > 0, 
p > 0, f > 0, 
qJ(x,C1,O)=f(x,p), -a<x<a, - 1 <p<l. 
For the derivation of equation (1) and the physical meaning of the quan- 
tities see Ref. [7], especially Chapter 8. 
* This work was supported by the B. KidriE Fund. Part of the paper was written 
while the author wss a Fulbright fellow at the University of Wisconsin, Madison, 
Wisconsin. 
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We introduce as usual the Boltzmann operator A, 
(2) 
?y - 4 P) = 0, p > 0. 
We shall consider A as an operator acting in the Banach space 0(Q), 
Q = [- a, a] x [- 1, 11, of Lebesgue integrable functions of two variables. 
The first part of the operator (2), Ta,h = - p ($5/8x), is an unbounded 
operator. If the domain of definition of the operator T is chosen as in Ref. 
[6], pp. 146-147, T is generator of a (c,,) semigroup G(t) of positive operators, 
The operator K$ = K J’il #(x, p’) dp’ is a bounded operator in P(Q) with 
the norm 2; therefore A = T + K is also a generator of a (c,,) semigroup of 
operators, as follows from Theorem 13.2.1, Ref. [3]. The operator K is a 
positive operator, hence the semigroup is positive too, cf. Theorem 13.4.2, 
Ref. [3]. 
The nature of the spectrum of the operator (2) in the half-plane Re h > 0 
can be determined by applying the theory from Ref. [6] to the operator A. 
First we shall calculate the operator K(AZ - T)-1 K. The necessary calcula- 
tion is elementary but rather long. It shows that 
where 
K(M - T)-l W = j’ I’ L@, Y) #(Y, 1-4 dy 4’ 
-1 -a 
(3) 
The kernel L(x, y) can be written as a sum, 
where F is a continuous function. The part of the integral operator (3) 
generated by F(I x - y I) is a weakly compact operator, as we can infer from 
Corollary 111.3.9, Ref. [2]. For the function - In I x - y I we have to show 
that for every e > 0 there is a 8 > 0 such that 
f I-InIx-yIIdjc<e 
for all E with m(E) < 6. 
E 
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We have denoted by m(E) the Lebesgue measure of the set E. Because 
m(E) = m(E - y) for each y we have 
j jIn~~~--y~~dr=j Iln]t]Idt<c if m(E-y)=m(E)<S. 
E E-Y 
The existence of such a S follows from Remark 2 to the Theorem A. 1. Now 
Theorem A.1 shows that the part of the operator (3) generated by 
- In j x - y I is weakly compact too. Corollary VI.8.13, Ref. [I] says that in 
U(S, 2, CL) where p is a positive measure, the square of a weakly compact 
operator is compact. Hence [K(hl- T)-l K12 is compact. To determine 
the nature of the spectrum of the operator A we may use Theorem II from 
Ref. [6]. The conclusion of this theorem holds also in case [K(xI - T)-l K12 
is compact and not K(h1 - T)-l K, as it is assumed in Theorem II. The 
same remark applies to the first part of the Theorem III in [6]. Hence we have 
THEOREM 1.1. The Boltzmann operator A, de$ned in (2), is an injnitesimal 
generator of a (co) semigroup of positive operators. Hence the transport equation 
(1) has a unique solution for allfunctions f (x, p) E B(A). 
Part of the spectrum of the operator A, lying in the half-plane Re A > 0, 
consists of at most countably many isolated points h, . Each h, is an eigenvalue 
with finite algebraic multiplicity and a pole of the resolvent (Al - A)-1. 
If the spectrum in Re h > 0 is not empty there exists a positive eigenvalue &, 
and a nonnegative ergenfunction belonging to &, . The half-plane Re h > h, is in 
the resolvent set of the operator A. 
We cannot show the unicity of the positive eigenfunction using the theory 
developed in Ref. [6] as Z? is not a reflexive space. About the spectrum of the 
operator A considered as an operator in the space L2, considerably more is 
proved in Ref. [7]: The spectrum of A for Re h > 0 is not void and consists 
of finitely many eigenvalues. The positive eigensolution is essentially unique. 
(Also the behaviour of the solution #(x, p, t) of equation (1) is considered as 
t + co.) From these results and the fact that L2(Q) CL’(Q) it follows that A 
considered as an operator in L1(Q) 1 a so h as a nonvoid spectrum and hence a 
nonnegative eigenfunction exists. 
2. BOLTZMANN EQUATION IN FREE GAS 
The linearized Boltzmann equation can be written in the form 
an 
t= - v grad n - vi?(v) n + 1 v’ZJV 4 v) n(r, v’, t) dw’, r E V. 
(5) 
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Let the boundary condition be n(r, v, t) = 0 if r E aV and v points into the 
body V, and the initial condition rz(r, v, 0) = f(r, v). 
Here r.z(r, v, t) is the unknown distribution, 2, ES , and f are assumed to be 
known functions. The three-dimensional body V is assumed to be convex 
and bounded. The integral in (5) is to be taken over the velocity space w = R3. 
For the transport equation in free gas the functions 22 and ZS were com- 
puted in Ref. [4]. Concerning the function K(v) = oZ(a) we mention only 
that it satisfies the inequalities 
ivf K(v) = k(O) = A* > 0, w > a1 + w, forv 3 0 (6) 
for some positive a, and a2 . The kernel K(v, v’) = v’ZS(v’ -+ v) of the 
integral operator in (5) is 
2 .2 -1 Iv’-v12 
K(v, v’) = C , Fyi, , exp 2 
I [ 
+ /A(“2 - 711*y 
cL 
Iv‘-VI2 II * (7) 
Here we have assumed for the sake of simplicity the constant ,!3 in Ref. [4] 
to be equal to 1/z. 
We shall study the Boltzmann operator belonging to the equation (5) 
as an operator in the space L1( V x W) of integrable functions of two variables 
r and v, r E V and v E W. We shall apply to it the theory developed in Ref. [6]. 
The reasoning leading to Theorem I in Ref. [6] supposed the integral operator 
in (5) to be bounded. However, this is not the case for the integral operator 
with the kernel (7), 
KY = 
s 
w, K(v, v’) p(v, v’) dw’. (8) 
We can prove this in the following way. Let v ELI(Q), ‘p 3 0 p.p. Then we 
have 
II KP, II = /,I, [I,, W, v’) dr, v’) dug] dr3 dw 
(9) 
= /,/,, dr, v’) [I, K(v, v’) du] dy3 dw’. 
Changing the order of integration is allowed as all integrands are nonnegative 
measurable functions. We denote the inner integral in (9) by M(v’) 
M(v’) = j- K(v, v’) dw. 
w 
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Let us introduce a new integration variable s = v - v’ and then such a 
polar coordinate system that the vector v’ lies on the positive z axis, 
M(v’) = C J 
w 
f exp I- + [(II + 1) s - 2~7~’ cos 812/ dss3 
’ = 27x =, n 
ss 0 0 
s exp I- & [(p + 1) s - 2$ cos 812[ sin 8 ds di3. 
M(v’) can be estimated by using an elementary result, 
02 *
IS 0 0 Xe-a(t-bCOS4)2 sin 6 & da = & e-ah’ + $ (26” + h, j: ecat2 dt. (I 1) 
Here we have to take a = (p + 1)2/(2p) and b = 2$/(~ + I). By using (11) 
we can easily deduce the estimate 
M(v’) > 2rrCcv’ 
for all v’ and for some c > 0. We use this inequality in the equation (9) to 
obtain 
11 K~ 11 = j,j,, M(v’) v(r, v’) dr3 dw’ > 25rcC j j v’y(r, v’) dr3 dw’. 
v w’ 
The last integral does not exist for every v ELM, v > 0; hence K is not a 
bounded operator in L1(V x w). 
We would use boundedness of the operator K in the following way: If I\ 
is bounded and T is generator of a (co) semigroup then T + K is also generator 
of a (co) semigroup. But the sum T + K could be a generator also for some 
unbounded K. A sufficient condition is given in Ref. [3], Chapter XIII, Def. 
13.3.1, 13.3.5, and Theorem 13.4.1. In order to verify these conditions we 
need the following result: 
LEMMA 2.1. The operator K(AZ - T)-l is a bounded operator for 
Re/\ > -X*. 
Proof, The operator K(AZ - T)-’ can be calculated by use of formula (5) 
in Ref. [6], 
II K(xI - 2J-l~ II < j,ju,jmj, 1 e-t(A+k(v’)) 1 K(v, v’) 1 p(r - tv’, v’)] 
x dt dw’ dw dr3. 
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The term tp(r - tv’, v’) should be replaced by 0 if r - tv’ $ v. Introduction 
of the new integration variable r’ = r - tv’ gives 
II K(hl- T1-l P II d lw,lv, N(w’) I p(r’, v’)I dr” dw’ (12) 
where 
N(d) = j,” I e- t(A+w’)) 1 dt j-, K(v, v’) dw = o’;(;;;,) 
< 1 
‘- u + x* + UlW’ Jqv’), u = Reh. 
Here we have used (6). Using the elementary estimates l/b si e-at2 dt < 1 
for all b 3 0 and ji e- at’ dt < 3 && we get from (10) and (11) 
where a3 and a4 are suitable positive numbers. Now we insert this result 
into (12), 
We have used the fact that (aa + u,er’)/(u + A* + a,~‘) is bounded for all w’ 
if a > - A*. The last estimate shows the operator K(hl - T)-l to be bound- 
ed. 
From Lemma 2.1 we infer that the domain of definition of the operator K 
includes the domain of definition of the operator T and hence the sum K + T 
is defined for all ‘p EB(T). The first condition of the definition 13.3.5 is 
satisfied. But also the third condition should be satisfied, 
s ’ II KWII dt -c 03, 0 
if we want to use Theorem 13.4.1 from Ref. [3]. It seems that this condition 
does not hold. Hence we cannot prove the existence of solutions of the Boltz- 
mann equation (5) in L1 in the indicated way, i.e., by using Theorem 13.4.1. 
Boltzmann operators are studied often in some Banach spaces with a 
weight function, e.g., M(w)-l = const ebZva. We shall study the Boltzmann 
equa&on (5) in spaces L1(V X W, a) of measurable functions, defined on 
I’ x w and integrable there with the weight e$. We shall show that in these 
spaces the integral operator K is somewhat simpler. 
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LEMMA 2.2. The integral operator K, defined in (8), is a bounded operator 
in L1( V x W, a) JOY all 01 with 0 < (Y < 2. 
Proof. Let us suppose that v E U(V x W, a) and v 2 0. Then 
K(v, v’) cp(r, v’) dw’] dw dr3 
(13) 
-Is - I’ UI’ 
ea’C’2v(r, v’) [l, K(v, v’) P*(“‘-“‘) dw] dw’ dr3. 
In the inner integral 
J&,‘) = j K@, v’) ed~‘-c’P) &,, 
w 
(14) 
the exponent of the integrand can be put into the form 
where Q = 2a - cr2. We estimate JJw’) by omitting the first part of the above 
exponent, 
Jo < c J‘, , v L v, , e-q’(2u)iv-v’12 dw. 
This integral converges for a E (0,2) and it can be evaluated exactly, 
Upon substituting this into the equation (13) we see that K is bounded, 
IIKII <y for all cy with 0 < iy < 2. 
The domain of definition for the operator T 
T~J = - v grad F - k(v) p (15) 
was constructed in Ref. [9] for th e s p aces Lp( V x w), p >, 1. But the con- 
struction is valid verbatim for the spaces L1( V x W, a) also. The operator K 
was shown to be bounded, hence Theorem I from Ref. [9] applies: 
THEOREM 2.3. The Boltzmann operator A = T + K with K and T 
defined by (8) and (IQ respectively, is a generator of a (co) sem&oup of positive 
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operators in the spaces L1( V x w, a) fw 0 < (Y < 2. Hence the Boltzmann 
equation has a unique solution for each f (r, v) E .9(A). 
We are interested in the spectrum of A lying in the half-plane Re h > - h*. 
In order to be able to use Theorem II from Ref. [6] we must first study the 
operator K(rV - T)-l K. Using the formula for this operator given in Ref. 
[6] and the particular form of K(v, v’), see (7), we have 
K(xI - T)-l Kv = /,I,, L(r, r’, v, v’) v(r’, v’) dr13 dw’ (16) 
where 
L(r, &, v, v’) = C2 jr e-tLl+k([r-r’]lt)) . ev’“-v8 . H (+ , v) 
*H 
( 
r’ - r 
t ,v’) $ 
and 
W, v> = , s : v , =P 
LEMMA 2.4. The integral operator K(xI - T)-l K is weakly compact in 
L1( V x W, m) for 0 < 01 < 2, Re h > - h*. 
Proof. Let E be a measurable set in V x w, and q~ E L’( V x w, OL), 
v 3 0. In the integral 
L(r, r’, v, v’) y(r’, v’) dr” dw’ 
I 
dr3 dw 
we interchange the order of integration, 
II v(r’, v’) ems’* US L(r, r’, v, v’) ea(~uz-v ‘) dw dr3 dw’ drx3. w’ v E 1 
If we prove that the integral 
I=IS e0(v2-v ‘)L(r, r’, v, v’) dw dr3 (18) E 
satisfies the conditions (1) and (2) of the criterion of weak compactness, 
Theorem A.1 (see Appendix), then we can deduce from there that 
K(M - T)-1 K is weakly compact. First we shall verify that 1 satisfies con- 
dition (1). 
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Let us use the notation s = (r’ - r)/t. We can transform the exponents 
of the integrand in formula (18) similarly as we have transformed the expo- 
nents of the integrand in formula (14), 
We estimate the integrand in (18) simply by omitting the last two terms in 
the above sum, 
,8X, A/ 
x2 
) 1 L(r, r’, v, v’)I < C2 1 
1 
‘0 
e-t(o+A*) I s A v , . I s _ vI , 
. e-(a/2rr)[[S-‘l”+~S-“I~] . dt 
t3 . 
Using this estimate in (18) we get 
1~ I G ~2 jr e-tb+,i*) $. j j, e-~q~2u~~~s-vl~+~s--*~I~l l 1 
Is-vI .,s-v’Idwdr3. 
The above integral can be simplified by introducing a new integration 
variable s = (r - r’)/t, dr3 = t3 ds3, then two new integration variables 
y = v - s, z = s - v’, ds3 dw = dy3 d9. The set E is mapped into a set 
E, , for which we have m(E,) = t-%(E). So we get 
I Z 1 G C2 jr e-t(o+~*) dt . jj 
Et 
e-(q/2u)[y”+z21 . bdy3 dz3. 
Now we split the above integral into two parts: 
c2 j; ... + c2 j; -** = z, + z2, 
where 6 is a positive number. We can estimate ZI by integrating in the inner 
integral over R6 instead of over E, C R6. The resulting inner integral can be 
evaluated, 
e-(4/2u)[Y2+Z?] &- dy3 &3 = e-~Q/2uh/~ 
R6 R3 
$)' = (+L)'. 
10 
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If S > 0 is chosen sufficiently small, I1 can be made less than 42, say. 
Using the above S we note that for t > 6, m(E,) = te3m(E) < S3m(E). In 
the integral 
the integrand is an integrable function over RB. Hence if m(E) is small 
m(E,) < S-%(E) is small, and then the value of the integral (19) is small. 
Hence we have the estimate 
I2 < C2]/; e-t(“+h*’ dt < 3 < ; (u > - A*) 
if m(E) is small enough. We have seen that both Ii and 1s can be made less 
than 42, hence ( I 1 < E, uniformly in r and v, for each fixed X with 
Re X = a > - h*. This result shows that condition (1) is satisfied. 
Now we have to verify that the condition (2) of Theorem A.1 holds also. 
It suffices to take the set E of condition (2) in the form E = !J x K,(O), i.e., 
for fixed E > 0 we have to show that 
b=j j ea(vP-v’*) 1 L(r, r’, v, v’)l dr3 dw < E 
v v>a 
for all a > a,, uniformly in r and v. Again we split the integral into two parts, 
The first part, I4, can be estimated exactly in the same way as I1 above, 
Let us consider the following integral: 
J = I,,. , a L v , . e-QIs-vl*~2u dw, 
r’ - r s=-. 
t (21) 
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Since in I5 we have t > 7, it follows that s < d/q, where d is the diameter of 
the convex body I/‘. Let us take a so big that a > 2d/q; then we have for 
v>a 
and ,S-V,-,-+>;. 
Taking into account these inequalities in the integral (21) we get 
From this result an estimate for 1s follows: 
If we integrate instead over V over the whole space R3 the above integral 
can again be evaluated exactly, 
I < 1287&3 
5 . . q(a + h*) e-ga2!*u, Re A > -- hr. 
As a - co the above expression tends to 0. That and the estimate (20) proves 
that the condition (2) is fulfilled. 
According to Theorem A. 1 the operator K(xI - T)-l K is weakly compact, 
hence its square is compact and we can again apply Theorem II and the first 
part of Theorem III from Ref. [6]: 
THEOREM 2.5. The spectrum of the Boltzmann operator A in a gas medium 
(considered as an operator acting in Ll( V x W, CK), 0 < JL < 2), lying in the 
half-plane Re h > - h*, consists of at most denumerably many points which are 
eigenvalues with finite multiplicity and poles of the resolvent (Xr - A)-l. 
If the spectrum in the half-plane Re h > - h* is not empty, then there exists 
a positive esgenvalue h, to which belongs at least one nonnegative tgenfunction. 
The half-plane Re h > A0 lies in the resolvent set of the operator A. 
We do not know if the positive solution is unique. 
APPENDIX. A CRITERION FOR WEAK COMPACTNESS 
OF OPERATORS IN L1(X) 
We will derive a sufficient condition for an integral operator to be weakly 
compact in a space V(X). 
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In Ref. [l], p. 292, weakly compact sets in .V(X, II) are characterised as 
follows: 
A set K CF(X, ,u) is weakly sequentially compact iff K is bounded and for 
eachfEK 
lim 
I 
Enf(t) r+(t) = 0 (22) 
uniformly for all f E K as the sequence {E,} of measurable sets in X tends 
monotonically to the empty set. In case p(X) < 00 the condition (22) reduces 
to 
Enf(t) 44) = 0 uniformly for all f E K. 
A sufficient condition for an integral operator to be weakly compact follows 
easily: 
THEOREM A. 1. Let X be a Bore1 set in Rn, m the Lebesgue measure, K an 
integral operator in Ll(X, m), 
Kf = 1, % r)f W 4, 
where k(x, y) is a measurable function of two variables. The operator K is 
weakly compact if 
(1) For each E > 0 there exists a 6 > 0 such that 
I I k(x, y)l dx < E uniformly for y E X E 
for each Bore1 set EC X with m(E) < S; 
(2) For each E > 0 there exists a Bore1 set EC X with m(E) < CQ such that 
J‘ I 4x, r)l dx < E uniformly for y E X. X-E 
Remark 1. If m(X) < co condition (2) can be omitted. 
Remark 2. Conditions (1) and (2) can be easily verified if we have for 
the kernel k(x, y) an estimate of the form 
I 4x, r)l G d4 for ally E X, g(x) EL’(X). 
Condition (1) follows now from the fact that v(A) = sA g(x) dx is an absolutely 
BOLTZMANN EQUATION IN L’ 13 
continuous measure with respect to the Lebesgue measure, if g(x) EP(X). 
Also if g(x) EL’(X) th en, if E is a sufficiently big ball in R”, we have 
s g(x) dx < E Kn(R”-El 
and condition (2) is fulfilled. 
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